L ecture #3: Wavepacket, Heisenberg Uncertainty Principle & Bohr Model of H atom

l. Uncertainty Principle
. Bohr Model
1. Discussion: Solving Linear Homogeneous Differ ential Equations With Constant Coefficients

l. Uncertainty Principle Uncertainty principle:

To locate an electron with position error Dx, light of short wavelength | (I ~Dx, for good resolution) should be
used. But the photon has momentum p=h/l , some of which is transferred to the eectron thus changing the
electron’s momentum Dp). Using lower | light may increase the resolution (Ox ) but this leads to p and
hence a Dp- . Generalized via the Heisenberg Uncertainty Principle: DPDx = h/4p =l4/2. Note your text isin
error “h” should be “I”. EQ. 3.43 on p. 90 shows the correct equetion.

Other variable pairs aso obey uncertainty principle: DE Dt 31 /2 relates linewidths to state lifetimes, i.e.
collisional broadening.

For dE = HWHM of atrangtion line, and spontaneous emission lifetime t from an excited
state the Heisenberg principle relates dE (natura linewidths) and t.

h
dEt »E Multiply both sides by 2 and divide by t. Now 2dE = FWHM, but let’s just

represent this as dE. Thus we' ve change definition of dE from HWHM to FWHM.

h ~ o =
& »- E =hm dN » — we can do this since E changes linearly
t hc
with n
, hc
E=hc/l wecannot say samefor Eand | : dE d_l

Same for the relationship between | and n, you would need to differentiate n = 1/I
dn=-112dl, Thus, if the linewidth of adye laser at 600.000 nm is 0.050 cmi*, what is the
linewidth in nm?

Answer: dl = - 2dn = (600 nm)%(1 cm/10” nm) (0.050 cnt) = 0.0018 nm ~ 0.002 nm.

(note the negative sign is taken care of by opposite directionsof n and| .)
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careful this is a “unit specific’ can

formula
What isthe linewidth in cmi?* for lifetimethat isonly 25 ps:

I1. Bohr Model Bohr combined the Rutherford nuclear model of the atom (massive nucleus with electron
orbiting in circular orbit) with planck’'s quantization condition. He related the n (radiation frequency) from
planck's relation to the frequency of rotation of electron about nucleus, by quantizing the angular momentum
utilizing Debroglie wavelengths | = mvr = nh/2p = A and was able to reproduce the Rydberg Equation. His



postulates are: (1) The electron moves around nucleus of +e charge in circular orbit of constant energy so called
stationary states (standing waves), classicaly they would have spirdled to nucleus since eectron moving in
field would emit radiation and decelerate (2) only orbits allowed are those with | = niA (3) Transitions between
the stationary states, radiation is emitted or absorbed by condiditon DE = hn Bohr Freq. Condition

Deriving the Rydberg Formula from the Bohr Postulate:

If these stationary states are truly fixed orbits, then the Coulombic attraction (-€?/{ 4pepr}) should balance the
repulsive centrifugal force (mv2/r):
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The total energy is the sum of the kinetic (#nv%) and potential (Coulombic = Force* radius):

2 2
2 4dpe,r

2
sub2into3:E=-—2— (4)
8per

Imposing boundary conditions. An integral number of wavelengths must match
circumfrence of path (Debroglie waves must be in phase for each revolution, otherwise

quantum interference cancels amplitue, nondtationary state): nl = 2pr )
If we substitute the deBroglie wavelength for the electron we obtain: m_vr =n7 (6)
Solving equation 6 for v and inserting this into equation 2 and solving for r, will yield:

242
r :w (7)  which for =1 is ag (first bohr
me

orbit)
_ 4p(8.8419” 10°2C2N *m2)(1.055" 1" Js)?

(9.1097 10-**kg)(L.6022" 10" C)

=52.92 pm

Thus we may insert 7 into 4 to get: E, = - [me*/{8,°H*}](1n%) = (8)
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Thusfor aTrangtion: DE =———=5%—
seh &n, n.s

E = hn, c=I n, E=hcn so converting the equation to waveno units:
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Thus comparing the empirical Rydberg expression to Bohr’ s theoretical expression .

~ 1 1
n.=Ru{—-—1} (Rydberg)
ni N,

m e’

yielded avaluefor R: Ry = —862 e C 109737.3 cm* consistent with experimental value of 109677.6 cmi*

0



--------------- Discussion -----------=-=--------
[11. SOLVING LINEAR HOMOGENEOUS DIFFERENTIAL EQUATIONSWITH CONSTANT COEFFICIENTS

Motivation: The Shrodinger Equation isa linear homogeneous diffy-Q: (H+E)y =0

Solving linear homogeneous differential equation with constant coefficients

In this course there is no need to solve diffy-Q since we will give solution but if you did have to solve alinear
(Dueto fact that function y occurs to first order) homogeneous (due to fact that there is no constant term,

i.e (D"+ D™ +..D)y + cy = 0) differential equations the steps are:

1. Convert differential expressionsto D operator

2. Divide through by function (y) on both sides and relable D as variable m (auxilary equation)

3. Solve auxilary equation for m

4. Note genera solution is: y = ciexp{ myx} +coexp{ mpx} +czsexp{ mex} +....

5. Use Euler relation (€*=cosx+isinx) to simplify if you desireii.e. replace complex expression with real ones,
noting that the coefficients may become complex.

ie

3

d y+ﬂ:0
dx® dx

Dy +Dy=0® nP+m=0,® m(nf+1)=0, ® m=0+-i
thusy = ™ +od*+ae™ =g + (d*+ae™)

Euler relation; €* = cosx + isinx, thus (c€”+e™) = GCOSX+C3C0SX+CiSiNX-CisinX
(Co+C3)cosX+(Co-G3)iSNX = Cp'cosX+C3'SiNX, thusy = ¢1+C,'cosx+C3'Inx

we just drop the primes since we are speaking of general solutions and write:

Y = C1+CCOSX+C39NX

For the function:

d*Y s, on =
-6—2+25y=0
o

auxiliary equation: nf-6m+25 = 0, we solve this via quadratic equation

mZGix/BG-lOO: 6+8i
2 2

=34

y= C19{3+4}X+029{M}X — e’b((cle4iX+Cze¢lix)
= €% (CLCOSAX+CoCOSAX+C1SiNAX- CoSiNAX)
= €*({ c1+Co} cosAx+ { C1- Gy} cOAX)
= €%(cy'cosAX+Cy'SX)
(drop primessince c; & ¢ arbitrary)
= €%(c1cosAX+CoSX)



