L ecture#17 Rigid Rotor Eigenvalues and spectr oscopy
l. Rigid Rotor:2-body Problem
. Rigid Rotor Eigenfunction Problems

|. Rigid Rotor:2-body Problem
In a plane 2: ny,np, ® m and r1,r,, ® r=internal coord (relative)
2
|Z h2 ﬂz hZ &1-[2 1-[2 o}
=—2=.—_ =2 ¢4+ 1 Twherel = mr?+ mpr?=m? (1
20 2 197 20§01 Ty 5 £ M= (0

NOTE: The above step is proved by problem 5-30 of Mcquarrie:
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Rigid Rotor SE. for 2 bodiesin 3 dimensions (nonplanar):
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we want to transfrom this equation (4) into one using spherical coordinates

instead of Xx,y,z.
x=rsngcosf or r=.x2+y’+ 2
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z=rcosq or tanf =Y

X
dt = (>dnqgdgdf dr = volume element will beused for H - likeatom

y=rgangsanf or cosq=

For therigid rotor, sincer is constant the dt =snqdqdf
Note: Int limits® OEQEp, CEf £2p, CErE¥
to finally arrive a the Internal Motion Hamiltonian in Spherical
Coordinates:
r =ro for rigid (fixed distance between bodies) rotor.



el T, 1 1 92U,
HY =- g——@nqg—) + Y =EY (5
2mrf asing g (sna ‘ITq) sn®dg ‘Hfzg ©

hZe ﬂ 1‘[ ﬂZ 3

The eigenfunctions L2 and hence H of thisare written as Y instead of Y, and
are caled Spherical Harmonics:Y," =F (f )Q(q).

1
@p )z

)% cos q

0 =
0

<

1 .
)zsn q e

1 '
)?S.n q e-lf

5

1
2(3 2q -1
B p )2(3 cos *q - 1)

l .
)zsdn q cos q e'f

1 .
Yzsin g cos q e

) 15
Y= (8

15 L -
Y2: ?Sn 2 e2|f
2 (32p ) q

15
32p

1 "
Y-ZZ: ( );Sn Zq e-2|f

Rigid Rotor Eigenfunction Problems

Be able to (1) Prove orthogondity of Y™ (2) normalization of Y, (3)
Expectation values of an observable with Y™ basis functions (4) most
probable value of g and f . (5) and the probability of gandf in an interval.
For OEQ£p, CEf £2p, OErE¥

Use thefollowing two integralsto solve the 3 problems below.

OX Sinxdx= - XCosx+ sinx

0X gn 3 xdx= %sinx - isin 3x- 3 XCOSX+ 1—);COS3X



1. Prove the normalization of Yg=

(4p )z

Zp 2p p 2p

(D(SY snqdqdf = % of G;n qdg ——pf - cosq; :4%(2p )(- cosp - (- cos0))
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2. For | =0, m=0, determine the expectation value of g, which intuitively one
would guess as p/2.
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3. Similarly show that for | =0, m=0, the expectation value of f isp.
4. For | =1, m=0, determine the expectation value of g..
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